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Abstract. We study connections between the ring of symmetric functions 
and the characters of irreducible finite-dimensional representations of quantum 
affine algebras. We study two families of representations of the symplectic and 
orthogonal Lie algebras. One is defined via combinatorial properties and is 
easy to calculate; the other is closely related to the q = I limit of the "minimal 
affinization" representations of quantum aSine algebras. We conjecture that 
the two families are identical, and present supporting evidence and examples. 
In the special case of a highest weight that is a multiple of a fundamental 
weight, this reduces to a conjecture of Kirillov and Reshctikhin, recently proved 
by the first author. 



0. Introduction 

In tliis paper we study connections between tlie ring of symmetric functions and 
the characters of irreducible finite-dimensional representations of quantum afhne 
algebras. We introduce the reader to two families of representations of the classical 
finite-dimensional simple Lie algebras g, indexed by dominant integral weights A. 
One family is defined via combinatorics and the ring of symmetric functions, and is 
easy to describe and calculate. The other family consists of "minimal affinizations" 
0], certain representations of quantum affine algebras, regarded as representations 
of the underlying finite-dimensional algebra. We conjecture that these two families 
are identical and prove the conjecture in certain cases. In addition, we establish 
a number of results which provide compelling evidence for the conjecture and also 
illuminate the structure of the minimal affinizations of quantum groups. 

In Section we define the representations WspiX) and VFo(A) of the symplectic 
and orthogonal algebras, respectively. They are described in terms of their universal 
characters, which are elements of the ring of symmetric functions. They have the 
remarkable property that the map taking the Schur function s\ to the character 
of Wg(A) is an isomorphism of the ring of symmetric functions (G = Sp or O). 
This condition suffices to define the representations Wg{^) completely. In the 
special case when A is a multiple of a fundamental weight (also called a rectangle, 
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from the shape of its Young diagram), the modules Wci^) were defined earher by 
Kirillov and Reshetikhin ( |^ , see also ) ; the fact that this assignment extends to 
a homomorphism of rings was proved in 
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In Section g we define representations W^^(A) of the loop algebra L{g). They 
have as quotients the q = 1 specialization of the "minimal affinization," a canonical 
representation of Uq^g) associated to each A. In it was proved that when A is a 
rectangle, they are in fact isomorphic and that 

WfiX) - Wg{X), 

a result that was conjectured in |^. In this paper, we conjecture that this is true for 
all A. Most of the section is devoted to proving results on the g-module structure of 
the modules Wg^{X) which support this conjecture. We isolate crucial properties 
that are known to be true for one family and prove that the other family also 
satisfies them. 

1. The modules Wg(A) are defined for so{n) and sp{2n) for all n. Central to 
their definition is the fact that the direct sum decomposition into irreducibles 
is independent of n, provided n is sufhciently large. We show that the 
Wg^{X) share this property. 

2. The minimal affinization is distinguished from all other affinizations of A 
by the property that if it contains a g-highest weight vector with weight /i, 
then the root A — /i cannot be contained in a sub-root-lattice for a subalgebra 
isomorphic to some sl{r). We show that Wg{X) and W^^(A) both have this 
property. 

3. Finally, in Section |3.3| we calculate examples. We restrict our attention 
to g = so{2n) for convenience; the proofs in the other cases are similar. 
For several types of weights A, we completely calculate Wo (A) and show 
explicitly that W^^{X) is a submodule. 

We also mention other properties which we can prove for one of Wg{X) or W^'^(A) 
and which the other seems empirically to share, though we cannot as yet provide a 
proof. 

The structure of finite-dimensional representations of quantum affine algebras 
is very complicated. Establishing the conjecture in this paper would significantly 
expand our understanding of their algebraic and combinatorial structure. The work 
of 1^ also conjectured a formula for decomposing tensor products of representation 
associated to rectangles, given by the fermionc formula. A generalization of that 
formula beyond rectangles using the representations studied here would be of con- 
siderable interest. 



1. Symmetric Fiinctions 

In this section we fix notation and recall the basic notions of the ring A of sym- 
metric functions as a tool for handling representations of the classical Lie algebras. 
Our goal is the definition of a certain subcategory of finite-dimensional represen- 
tations of the orthogonal and symplectic Lie algebras. This subcategory is closed 
under taking direct sums and tensor products, and it is generated as an abelian 
group by a family of modules W{X), as A runs over all dominant integral highest 
weights. It has the remarkable property that the multiplicities in the decomposition 
of tensor products are the Littlewood-Richardson numbers. 
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1.1. Some classical bases. We will work in the ring A of formal symmetric 
functions in countably many variables {xi, X2, ■ ■ ■), and primarily follow the no- 



tation of Macdonald |13], to which we refer the reader for proofs of fundamental 
facts. Our emphasis is the dictionary which translates between the combinatorics 
of symmetric functions and the representation theory of the Lie algebra 5l„. 

The fcth complete symmetric function hk is the sum of all monomials of degree k 
in the variables (xi, X2, ■ ■ ■)■ The fcth elementary symmetric function Ck is the sum 
of all square- free monomials of degree k in the variables {xi, X2, ■ ■ ■)■ These func- 
tions are clearly symmetric, i.e. invariant under all permutations of the Xi. Each 
of these sets is algebraically independent, and A is exactly the ring of polynomials 
in either the h's or the e's. 

We can specialize these function to polynomials by setting all variables except 
for xi, . . . , to be zero, for any positive integer n. Now they are intimately familiar 
to representation theorists: note that hi — ei is the character of the fundamental 
n-dimensional vector representation V of the Lie group GL[n) or the Lie algebra 
s[„+i. More generally, is the character of S^iV), the fcth symmetric power of 
the vector representation, while efc is the character of /\'^{V), the kth alternating 
power; all of these are irreducible representations. 

More precisely, recall that sln+i has n fundamental weights lui, . . . , w„, and that 
its finite-dimensional irreducible representations are indexed by dominant weights, 
positive integer linear combinations of the fundamental weights. We will write 
A = oiWi -I- • ■ • -I- OntOn for such a weight and V{X) for the associated representation; 
A is called the highest weight. Then hk specializes to the character of V{ku!i), while 
Cfc specializes to the character of V{u!k). 

The Schur functions fill out this picture. For each dominant weight A, the Schur 
function sa G A is a symmetric function in (xi, X2, . . . ), and when we specialize to 
a polynomial by setting Xi = for i > n, we get the character of the representation 
V{X) of sUi+i- Note that n must be large enough that A involves only the first 
n fundamental weights. It is more traditional to index the Schur functions s\ by 
partitions, integer sequences A — (Ai, . . . , A^) with Ai > ■ • • > A^ > 0, or by their 
graphical representation Young diagrams, in which A is depicted as an array of r 
rows of boxes, left-justified, with Ai boxes in the ith row. Translation between a 
weight and a partition is straightforward: the coefficient in A oitUk is Afc — Afc+i, or 
the number of columns of height exactly k in the Young diagram. For example: 

A = o^i + 20^2 + A = (4, 3, 1), Young diagram = ' ' ' ' ' 



Thus the finite-dimensional irreducible representations of 5ln+i are indexed by the 
Young diagrams with at most n rows. 

Since the ring of symmetric functions is the ring of polynomials in the /I's, 
we must be able to write sx as such a polynomial. This is accomplished by the 
Jacohi-Trudi identity: 

s\ = det (/iAi-i+j)i_j=i^...^^ , where A = (Ai, . . . , A^). 

We can use this to write s\ in terms of the e's as well once we introduce the 
involutive ring automorphism a; : A ^ A, defined by any one of the following: 

w(^fc) = efc, w(efe) = hk, uj{sx) = s\>, 

where A' is the conjugate of A, whose Young diagram is obtained from that of A by 
reflecting it through its main diagonal, exchanging rows and columns. Note that 
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^'fc — S{k)j whose Young diagram is a single row of length k, and = 
whose Young diagram is a single column of height k. 

The Schur functions s\ form a linear basis for A as A runs through all partitions 
(including the empty partition; = 1 corresponds to the trivial representation, 
with highest weight 0) . We endow A with an inner product ( , ) by declaring 
this basis orthonormal. The multiplication in A has as its structure constants the 
Littlewood-Richardson numbers: 

(1.1) c^^ -.^ {sx,s^s^), or equivalently, s^s^, ^^c^^ s^. 

X 

We write |A| for the number of boxes in the Young diagram of A, which is also the 
degree of the monomials in s\. As a result, 

(1.2) c^^ = unless |A| = |/.t| + \v\. 

Since Schur functions are characters, the Littlewood-Richardson numbers de- 
scribe the decomposition of a tensor product of representations of s[„ into irre- 
ducibles: c^^ is the multiphcity of V{X) in V{^) ® V{i'). Thus the Littlewood- 
Richardson numbers are nonnegative integers. 

1.2. Symplectic and orthogonal analogues. We now turn to the other 
classical Lie algebras, those of the symplectic and orthogonal (of even or odd di- 
mension) groups. The work of Koike and Terada |§ showed that they too have 
"universal characters" in A, which specialize to characters of their representations 
in a way analogous to the Schur functions and sin. 

The irreducible finite-dimensional representations of the Lie groups 50(271-1- 1) 
and Sp{2n) are once again indexed by highest weights which are, as above, in bi- 
jection with Young diagrams with at most n rows. The irreducible representations 
of 0{2n) are indexed by the same set, but when we restrict to SO{2n), representa- 
tions associated to Young diagrams with exactly n rows split into two irreducibles 
(exchanged by the automorphism switching the two "spin" weights). The starting 
point of 1^ is the observation that the characters of these representations, just as 
in the case of GL{n), are "stable," in the sense that they are all specializations of 
their n — > oo limit. 

These "stable limit" or "universal" characters form two new bases for A. One 
consists of the characters sp\ coming from the symplectic groups, and the other 
of the characters ox coming from the orthogonal groups (which give one stable 
limit, independent of the parity of their rank). We can specialize o\ and sp\ to get 
characters of irreducible orthogonal or symplectic representations of S0{2n +1), 
S0{2n) or Sp{2n) as long as n is large enough; for our purposes we note that n is 
sufficiently large when the number of nonzero parts of A is at most n — 1 (or n — 2 
for 5*0(271)). When n is too small we get a character of a reducible representation; 
we refer readers to the original paper or a well-written summary, like Appendix A 
of 1^, for this level of details of the specialization homomorphisms. 

These two new bases have their own structure constants, the symplectic and 
orthogonal analogues of the Littlewood-Richardson numbers. The following re- 
markable fact deserves wider recognition. 

Theorem 1.1. There is a collection of nonnegative integers d^^, such that 

sp^sp;, ^^d^^ spx and o^o^^^d^^ox. 
A A 
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That is, the structure constants of the symplectic and orthogonal bases are the same. 

The equality is shown in |§ in terms of symmetric functions; it also follows 
easily from crystal base theory. The d'^^ are certainly nonnegative integers, as 
they count the multiplicity of Vg(A) in Vg(^) ® Vg{t^)- Here the Vg can denote 
representations of anyone of G = 0(2n+l), Sp{2n), orO(2n), so long as we require 
n to be sufficiently large — in particular, larger than the sum of the numbers of 
rows in /i and v. For example, 

y(a;i)®2 ^ V{2lui) © ^(wa) in GL{n) or SL{n + 1), n > 2, 

Vg{uji)'^^ ^ VGi2uji) e Vg(w2) © C in SO{2n + 1), Sp{2n), or S0{2n),n> 2. 

Here C denotes the trivial representation Vg'(O). 

In some sense the d^j, are a deformation of the Littlewood-Richardson numbers. 



Analogous to (1.2), we have 



(1.3) c?L = unless |A| = + - 2fc, A: e Z 



>o- 



Recall that for c^^ we demand this with fc = 0. Moreover, 



(1.4) c% = d^^^ when |A| = + 

In other words, moving from the general linear to the symplectic or orthogonal 
groups only adds new pieces to the decomposition of tensor products, and all the 
new pieces are lower-order terms. 

From the representation theory point of view, A is a weight and can be written 
as a linear combination of the fundamental roots ai, . . . , q;„. As long as fc < n (or 
n — 1, for type I?„), the coefficient of ak is the number of boxes in the top fc rows of 
the Young diagram of A, so |A| is the coefficient of oik for fc greater than the number 
of rows of A. (The coefficient of a„ may differ from |A| but only by a factor of two.) 
Therefore the "extra pieces" of V{ii) ® V{v) corresponding to nonzero d^^^ with 
|A| < 1^1 + \v\ can be identified by the fact that the weight /i + — A is supported 
on the "spin" or "long" root (and for 50(2?i) on a„_i also). 

1.3. A new family of representations. We are now ready to define the sym- 
plectic and orthogonal families of representations W{\). The stable limit characters 
of the M^'s will form another pair of new bases of the ring A, and the representations 
are completely characterized by the property that the structure constants of these 
new bases are the classical Littlewood-Richardson numbers c^^, . 

Consider the natural inclusions SO{2n -t- 1) C GL{2n + 1), Sp{2n) C GL{2n), 
and SO{2n) C GL(2n). In each case the inclusion gives rise to a restriction map 
which takes any representation of the general linear group and views it as a module 
over the symplectic or orthogonal subgroup. If we pick one of these G C GL{n) 
and an irreducible GL{n) module V{X), its restriction T^(A)|g will in general be 
reducible, and the decomposition into symplectic or orthogonal irreducibles is in- 
dependent of n as long as A has at most n rows. 

Taking characters translates this decomposition into the question of writing the 
Schur functions in the sp\ or o\ bases; the coefficients will be the multiplicities, 
so will certainly be nonnegative integers. The "branching rules" were known to 
Littlewood; they were written in the context of symmetric functions by Koike and 
Terada. 



Theorem 1.2. The following summations are over all partitions /i. 
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1- sx = J2f_i (^X^i^Gig ''M"^ j ^Pt^' '^here v (zYq if the Young diagram of v has only 
even-height columns, i.e. can he tiled by vertical dominos. 

2. s\ — (X^jyei^c^y) O/i, where v e i^n if the Young diagram of v has only 
even-length rows, i.e. can be tiled by horizontal dominos. 

The names Yq and Ym are mnemonic, but they may be more famihar by other 
names. Viewed as sets of partitions, € Ig means all parts of v occur with even 
multiplicity, while z/ G Yjjj means v has exclusively even parts. Viewed in terms of 
weights, z^ G Ig means v is in the span of the even fundamental weights uj2i, while 
v £ Yfjj means the coefficient of uji in v is even, for all i. 

Now recall the remarkable fact from Theorem that the spx and ox bases 
have the same structure constants. The linear maps spx >— > ox and ox '-^ spx are 
therefore ring isomorphisms. The representations we are related to the irreducible 
representations V{X) by these isomorphisms. 

Definition 1.3. We define two families of reducible representations, by giving 
their direct sum decomposition (with multiplicities) into irreducibles Vsp or Vq of 
the symplectic or orthogonal groups, respectively: 




One needs to compare Theorem 1.2 with Definition 1.3 carefully to distinguish 
the irreducible GL-module T^(A) from these new Wg{X.): the two differ typograph- 
ically only by exchanging Ig with Y^jj. To avoid confusion, we place the four 
possibilities in one table to highlight their relations: 







Vspil^) 


Voit^) 


(1.5) 


.erg 
V eYoj 


ViX) 
Wsp{X) 


WoiX) 
ViX) 



Note that the decomposition of Wg{X) is independent of n as long as A has 
fewer than n rows. Therefore we can speak of the Wg{X) giving rise to stable 
limit characters, just as the ^(A) give rise to the Schur functions as described in 



Section 1.1. In light of the similarity in their respective definitions, it is immediate 
that the stable limit characters of Wsp{X) and Wo{X) arc the images of sx under the 
ring isomorphisms ^ sp^ and sp^ t-* Of^, respectively. Because their characters 
are images of the Schur functions, we have a family of reducible representations of 
the symplectic or orthogonal groups whose tensor products decompose into a direct 
sum of family members according to the classical Littlewood-Richardson numbers: 

(1.6) W{fx) ® W{iy) ^ c^^ W{X), where W = Wsp or Wq- 

A 



In [11] we showed that the T4^(A) are completely characterized by this property: 



Theorem 1.4. Let {X{X)} he a family of representations of the symplectic 
or orthogonal groups G, indexed by all partitions X and given in terms of their 
irreducible decompositions X{X) = Vg'(A) toa^ ^0(^)7 for some nonnegative 

integers mxp. Suppose their tensor products decompose into direct sums as X{ii) 
X{i') = c^i/ X(A). Then there are only two possibilities: 
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(a) {X(A)} is the family of GL -irreducible representations {V{X)}; or 

(b) {X(A)} is the family {Wg{X)} defined above. 

We have defined VFg(A) to be a representation of G, but for most of the re- 
mainder of this paper we will be primarily concerned with Lie algebras (and their 
loop algebras and quantum deformations). We therefore allow Wg{X) to denote a 
representation of the finite-dimensional Lie algebra g as well. Since we defined the 
representation in terms of its direct sum decomposition into irreducibles, nothing 
new is introduced by this convenience. 

1.4. Combinatorics of Wq. We will need the ability to compute Wg{X.) ex- 
plicitly. The definition in terms of Littlewood-Richardson numbers can be restated 
in terms of the skewing operation : A ^ A, the adjoint to multiplication by s^. 
The skew Schur function sa/i/ is defined as s^s\. The skew Young diagram for X/i/ 
is represented by the Young diagram for A with the boxes for the Young diagram of 
ly removed from the upper-left corner; this notation relies on the fact that s\/^ = 
unless ^ C A, where C denotes containment of Young diagrams. We mention that 
S\/iy also has a Jacobi-Trudi expansion: 

The character of Wo (A) can now be described as the image of J2u£Y '^a/i/ under 
the linear map i— > o^, and similarly for Wsp{\) with v e Yjjj and Sfj, ^ sp^,. 
Since we will focus on the decomposition into irreducibles, we just need to expand 
l^i^eY ^^/'^ ^'^^ ^ ^ Ym) in the Schur basis. To calculate this character for a given 
A, we will give a combinatorial algorithm to expand each Sx/y as a sum of Schur 
functions. Our presentation is heavily abridged, to say the least; we refer the reader 
to Chapter 5 of Q for a rational and justified development. 

Definition 1.5. (a) A semi-standard Young tableau oisha,Y>e \/v \s a. ?i\Vaig 
of the boxes of the skew Young diagram oi \/v with nonnegative integers 
such that the entries strictly increase reading down any column and weakly 
increase reading across any row. 

(b) The reverse row word of a tableau T is the sequence of integer entries of 
T as you read each row from right to left, beginning with the top row and 
ending with the bottom. 

(c) A sequence of integers is a ballot sequence if the number of occurrences of 
i -|- 1 in the first k terms is never greater than the number of occurrences of 
i, for every integer i and k. 

(d) The content of a tableau T is (ni(T), 712 (T), . . .), where ni(T) is the number 
of occurrences of i in T. 



Proposition 1.6. 

T 

where T ranges over all semi-standard Young tableaux of shape Xjv such that the 
reverse row word of T is a ballot sequence. Since the reverse row word of T is a 
ballot sequence, content (T) is a partition. 
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To illustrate, let us compute Wo{^) for X ~ lui + uj2 +^3- The only partitions 
e contained in A are the empty partition, (1,1), and (2,2). The six semi- 
standard Young tableaux T whose reverse row words are ballot sequences are: 





1 


T] 




1 


T] 




1 


T] 




H 


T] 






T] 






1 1 


2 


2 






2 






2 






2 
















3 






1 






2 






3 






1 




2 





To convert content (T) into a weight, recall that the coefficient of usi is the number 
of occurrences of i minus the number of occurrences of z + 1. So Woii-Oi + UJ2 + uj^) 
decomposes as a sum of six components, respectively: 

VoiuJi + i02 + ujs) ® Vb(2wi + W2) © Vo(2tJ2) ® Vb(wi + ^3) © Vb(2wi) © Vol^a). 

Proposition 1.7. Immediate consequences of the combinatorics ofWaiX): 

1. // VG'(/i) appears in Wg{X) then /i C A, where C denotes containment of 
Young diagrams. In particular, if fi ^ X then \fi\ < |A|. As we observed 
at the end of Section this is equivalent to saying that the root X — fi is 
supported on the root a„ (and for SO{2n) on a„_i also). 

2. The trivial representation Vg(0) = C appears in Wo{X) if and only if X E Yq, 
and in Wsp{X) if and only if X E Y\j2- Moreover, if it does appear, it has 
multiplicity 1. This follows because s\/^, is homogeneous of degree |A| — \u\, 
which by the previous point is zero if and only if v — X {when s\/i, = 1). 

The first consequence will be a significant motivation for the conjecture in the 
next section, where another family of representations is uniquely characterized by 
the similar property that X — fi cannot be contained in a sublattice corresponding 
to a type A subalgebra. We do not know of a way to see the second consequence 
from the representation theory side. 

2. Loop algebras and their representations 

From now on, g denotes a symplectic or orthogonal algebra of rank n and 
^(0) = ® C[t,t~-'-] the corresponding loop algebra with the obvious Lie algebra 
structure. In this section, we construct a family of finite-dimensional indecom- 
posable representations W^^IX) of L{q) and conjecture that these modules are 
isomorphic as g-modules to the modules W^(A) of the previous section. 

2.1. Loop algebras. Fix a Cartan subalgebra f) of g and a set of simple roots, 
{«!, a2, ■ • ■ ctn}, we shall assume that the simple roots are numbered as in Thus 
in the case of sp{2n) (resp. so{2n+ 1)), we assume that a„ is the long (resp. short) 
root, while in the case of so(2n), we assume that n — 1 and n are the spin nodes. 
In all cases, we assume in addition that 

0'i,i±i = 1 < i < n — 2, Oij =0, j ^ i ± 1. 

Set J = {ai, • • • , a„_2, ctn-i}- In the case of so(2n), we shall also need the subset 
J = {"1, • ■ ■ ,an-2,an}- 

Let i?"*" be the set of positive roots and let (3+ (resp. P+) be the integral 
root (resp. weight) lattice respectively. Let wi, • • • ,uJn, be a set of fundamental 
weights in P'^. Given any subset J' of q;i,q;2, • • - an, let R^{J') be the subset of 

spanned by elements of J' . We define Q^{J') etc. in the obvious way. 



SYMMETRIC FUNCTIONS & REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 9 

For each a € R^, fix nonzero elements £ g±a and ha &i) satisfying, 

If a, /3 G i?+ is such that a + /? e or a — (3 G i?+ we shall assume that 

Strictly speaking, the preceding statement is true only up to some nonzero scalar 
multiples, but for our purposes there is no loss in assuming, to simplify notation, 
that these scalars are all one. 

We shall need the following subalgebras of g: 

^ = i)®cxeR+{J)3c, p = 8eu+, 

U"^ = ®aei?+\-R+(J)fl±a, = ®a£R+9±a- 

Then u"*" is an ideal in p and we have a homomorphism of Lie algebras L{p) — > L{t) 
with kernel i(u+). The algebra 6 is reductive, and hence given any A e P"*" there 
exists an irreducible J-module T4(A) with highest weight A and highest weight vector 
v\. This can clearly be regarded as a module for by composing with the 
evaluation homomorphism et; : — > 6 that sends a; (8) — > a; and hence also as 
a module for L{p). 

2.2. Construction of W***^. Consider the induced module 

Ind^gjl4(A) = U(i(0))®i(p)Ve(A), 

where for any Lie algebra a, we let U(a) be the universal enveloping algebra of a. 
Since 

{x+(^e){l(dvx) = 0, Vaei?+,neZ, 
an elementary application of the Poincare-Birkhoff-Witt theorem shows that, 

Ind^gjyt(A) = U(L(n-))(l ® v^) = U(L(u-)) ® ^((A). 
In particular, the subspace 

(lnd]^[l]v,{X)) ^ = {ve Ind;;[^)^e(A) : hv = \{h)v V h e t)} 

has dimension one and hence Ind^|pjV{(A) has a unique irreducible quotient ob- 
tained as follows. Let ev : L{g) ^ g be the Lie algebra homomorphism obtained by 
mapping 1 1—^ 1. This gives a L(g)-module structure on any g-module, in particular 
on the irreducible g-module V{\) with highest weight A. It is easy to see that the 
L(0)-module V'(A) is the unique irreducible quotient of Ind^|pj Vt(A). 

Assume from now on that A(/ia^) = (and X{ha„_^) = in the case of so{2n)). 
It is easy to see in this case that the element a;~^ (8)l.(l®t'A) (and x^^_^(Sil.{l®vx), 

in the case of so{2n)) generates a proper submodule of Ind^p|V{(A). Denote by 
VI^'^^(A) the corresponding L(fl)-module quotient, and let wx G W'^^{X) be the 
image of l^vx- 

Proposition 2.1. 

(i) ^5 an L{g)-module, W'^^{X) is generated by wx with the following relations: 
a;+ O t''.u;A = 0, h^f.wx = X{h)wx, a G /i e f), 
{x-y^^'^+Kwx =0, x^^{t- ly.wx = 0, V /? e i?+(J), r G Z. 
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(ii) For all A e P+ , dim W^iX) < oo. 

Proof. Part (i) is clear from the definition of ly^(A). Part (ii) was proved 
in In the language of that paper, it is easy to see that the module W^^{X) is 
a quotient of W{tt), where tt = (7ri,7r2, • • • ,7r„) is such that 7rj(u) = (1 — 
for all 1 < I < n. □ 

In view of the preceding proposition, we can write 

fj,eP+ 

Clearly, mx^x = 1 and mx,^ = if A — ^ Q^. We can now state our conjecture. 
Conjecture 1. As g- modules, we have 

W^ff(A) ^ W{X). 



Here W{X) is the representation Wo{X) or Wsp{X) of g defined in Section |L3 



2.3. Type A sublattices. As a first step towards providing evidence for this 
conjecture we prove the following result which is analogous to Proposition |1.7| . 

For 1] = J2i SiOti e Q^, set supp r/ = {a.; : 7^ 0} and let J(ri) be the minimal 
connected subset of the set of simple roots that contains supp 77. Let Q{Jri) be the 
subalgebra generated by the elements x±a, a e R^{Jjj). We say that 77 is of type 
A if the elements x^. , a; G J{ri) generate a subalgebra of g of type sir- 

Proposition 2.2. For all 7^ 77 e (5+ of type A, we have 

mx,x-r, = 0. 

Proof. Suppose first that Q!„ ^ supp 77. Then supp rj d J and hence 
W^''^(A)a-, -1®T4(A)a-„. 

Since Vi{X) is an irreducible t- module, it follows that w = 1 ®vx. 

If a„ G supp 77, then since 77 is of type A, one can conclude by a simple inspection 
that one of the following must hold. 

Case 1. If g is of type sp{2n) or so(27i + 1), then supp 77 = {an} and hence 
77 — san for some s > 0. By definition, we have 

(X) l.wx — 0. 

Applying ha„ to the above equation, we see again from the definition that 

® f.wx = 0. 

Hence W^^ (X) x-ri = thus proving the proposition. 

Case 2. Suppose that g is of type so(277). If a e i?+(supp 7;)\_R+( J), then it is 
easy to see that there exists /3 e _R+(J^) such that a = /3 + a„ or a = /3 + a„_i or 
a — /3 + Un-i + an- Writing x~ = [x'^ ,x~^] etc. we see in all cases that 

x-(E){t- ly.wx = 0, Vr e Z. 

Hence U(i(g( J^))).wa — U(g( Since U(g(J^)).WA is an irreducible g(J,,)- 
module, and W'^^{X)x-'q C U(g( J^)).wa, the proposition follows. □ 
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2.4. Roots to consider. In this section we examine the structure of L{q) to 
determine which V{iJ,) can possibly appear as summands in W'^^{X), or equivalently, 
which m^.^ might be nonzero. The main result is Proposition ^.6| , which says that 
A — /i must lie in the Z_|_-span of a special subset of the positive roots. 

Although the module W'^^{X) is not an evaluation module, the next result shows 
that it is in fact a module for the quotient of L{g) by the ideal g ® (i — l)^C[i, t~^]. 

Proposition 2.3. 

(i) Let a G i?+ be such that a ^ an (z i?+(J) (or a — a„_i € i?^(J) when 
g = so{2n) ). Then for all r E Z with \r\ > 1, 

ix-®it-iy).wx^o. 

(ii) For all a 6 , and r G Z with \r\ > 2, we have, 

{x-^it~lY).wx^O. 
Proof. To prove (i), recall that 

x-®{t- ly = [x^^ ® 1, x-_^^ ® (t - 

Part (i) now follows from the defining relations in W^^{X). 

It suffices to prove (ii) in the case of 9, the highest root. A simple case by case 
inspection shows that we can write 9 = a + (3 where either 

(a) a e i?+(J), /? e /3 - a„ e i?+(J), or 

(b) both a,f3£ i?"*" and a — a„, /3 — a„ G i?+(J), 

(c) both a, /? G i?+ and a - a„, G i?+(J), P - an-i G R+(J). 

The result now follows from part (i). □ 

In view of the preceding proposition, we shall be interested in the following 
subset of 

{/?Gi?+ :/?,/? -a„ J)}. 

(or, if = so{2n), the set 

{/3Gi?+ :/?,/? -a„,/3-a„_i i R+ \ {R+ {J) \J R+ {!)]) . 

Let N be the cardinality of this set. 

We write the sets out explicitly for the reader's convenience. The sets in ques- 
tions can be written as the collection of roots I3k,u defined as follows. 

= sp{2n). For l</c<Z<n— 1, set 

Pk,i = afe + o-k+i H h a;-i + 2q;/ + h 2q:„_i + a„, 

and set /3o,i = 2ai + • • • + 2an^ + a„. 

£1 = so{2n + 1). For 1 < fc < / < n - 1, set 

Pk,i = Oik + ak+i + h a/-i + 2a/ H h 2a„. 

= so{2n + 2). For 1 < fc < / < n - 1, set 

Pkd = CKfe + ak+i H + ai-i + 2ai + \- 2q!„_i + a„ + q;„+i. 

We order the roots (3k.i in the lexicographic order, 

I3k,i < Pk',i' if fc < k\ or k^k'J < I', 
and let /32, • • • , Pn be an enumeration of these roots. 
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Given r e Z^, set 

X- = [x-^^ ®{t- i)rix-^^ ®{t~ i)r ■ ■ ■ {x^^ (i - 1))^ 



Let < be the lexicographic order on Z^. The foUowing coroUary to Proposition 2.2 
is now immediate, by a simple application of the PBW theorem. 

Corollary 2.4. We have, 

rGZ« 

□ 

We can now give a necessary condition for toa,/^ to be nonzero. We begin with 
the following Lemma which is easily checked. 

Lemma 2.5. (i) For all 1 < r, s < N we have Pr + (is ^ ■ 

(ii) For any i — 1, . . . ,n and for all 1 < r, s < N , we have Pr + f^s ^ ^ FV' ■ 

(iii) Suppose that i — \, . . . , n and 1 < r < N are such that f3r — oii G . Then, 
either [3r — on ^ (3s for some s > r, or (3^ — Pk,n-i, i = n — 1 for some k. 

□ 



Proposition 2.6. Assume that mx,^ ^ 0. Then 

N 

H = X-'^SjPj, 

i=i 

for some nonnegative integers si, S2, ■ ■ ■ sn ■ 

Proof. Let Wi be a g-module complement to V(X) so that we have 

l^^ff(A) = V{X)®Wi, 

as g-modules. If Wi ^ 0, choose ri minimal so that the projection of x^^.wa 
onto Wi is nonzero. Using Lemma [2.5| , we see that 

X'^.-Xri-Wx € ^ lJ{n^).x^ .wx. 
s<ri 

The minimality of ri now implies that 
which implies that 

a;+. .Wri -wx = 0. 

Hence, Wn generates an irreducible g-module. Let W2 C Wi be the g-module 
complement to it. Repeating the argument, we see that there exist a finite set 
Ti, r2, ■ • ■ such that 

where fi^j is the weight of the element Wr^ ■ Clearly, each ^j.. has weight of the form 
A — Sj(3j and the proposition follows. □ 
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2.5. Stable limit property. We next prove an interesting consequence of the 
preceding proposition. It is the analogue of the statement following Definition 1.3 
that the modules 14^(A) have the same decomposition for all sufhciently large n. 
We prove this for the orthogonal algebras; the case of symplectic algebras is similar 
and simpler. 

For this proposition only, we denote by 22n the Lie algebra so{2n) and by 02n+i 
the Lie algebra so{2n + 1). We denote the corresponding lattice by etc., 
and similarly denote W'^^{X) by W.^^{X), and the multiphcities toa,^ by mA,^,n. 

We have an embedding of so{2n — 1) ^ so(2n), given as follows, 

a^Q, '-^a^Q, , 1 < j < n — 2, x^^__^ Xa„ + Xa„_i- 

In other words so{2n — 1) is the subalgebra of fixed points of the automorphisms 
of so(2n) defined by interchanging the spin nodes of the Dynkin diagram.. Under 
this embedding, the root vectors 

f-^ x^ , l<k<l<n — I. 

Pk,l Pk.r — — 

The restriction map f)2„ ^2n-i induces an isomorphism between the subspace 
of spanned bya;i,l<i<n — 2 and the subspace of P^_i spanned by uji, 
l<i<n-2. 

We also define an embedding of so{2n) — > so{2n +1). This is given by the 
assignment, 

^ti ^ ^t,j 1 < i < n - 2, 

Again notice that this embedding maps Pk,i to Pk,i for all I < n — 2 and uJi to LOi 
for i < n — 2. 

Both embeddings naturally extend to maps of the corresponding loop algebras. 

Theorem 2.7. Let X e P+ and assume that A(/i„) — A(/i„_i) ~ 0. There 
exists r(n) > n such that for all s, s' > r(n), we have 

The theorem is clearly a consequence of the following proposition. 
Proposition 2.8. Let A e P+. Then, 

Proof. Assume first that n = 2m + 1 and let N be the number of roots of the 
form Pi^k for so(2m + 1). Notice that this is exactly the same number of such roots 
for so{2m + 2). By Proposition p^ , we have 

rez" 

The elements x,^ are in the image of the embedding of so(2m + 1) ^ so(2m + 2). 
Hence, setting, W^m^x — U(02m+i)-WA we see that 

W^2m+l = Y U(n2"„+i).U>A. 
rGZ" 

It is now clear, that the elements Ws defined in the proof of Proposition |2.6| can be 
chosen to be in W2m+i- It is clear from the defining relations of W2m+iW that 
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there exists a surjective map W2^+iW ~^ W^2m+i of g2m+i -modules. This clearly 
implies that m^,2m+2 < 'Ti^,2m+i- 

To prove that TO^,2m+i < w^_2m, we use the embedding of so{2m) — > so(2to + 
1). The proof is similar, we just need to show that the elements x~ that span 
M^2m+i(''^) actually in U(n2m)- The only difficulty is with the roots (3k,n-i and 
(3k,n- Now, P = /3fe,2n-i - a2m-i - Q!„ S i?+ is such that Xp 1^ {t - l).'Wx = 0. 
Since A(/i„_i) — A(ft.„) — 0, it follows that x~^__^^^^ — 0. This now implies that 
^Pk 1 ® ~ 1)-Wa = 0. The case of Pk,n is dealt with similarly. This completes 
the proof of the proposition. 

□ 



3. Motivations and special cases of the conjecture 

We have restricted ourselves to the case of the enveloping algebras of loop alge- 
bras to simplify matters and to avoid excessive notation. However, the motivation 
for Conjecture |l| comes from connections which we now explain, with the irreducible 
finite-dimensional representations of quantum affine algebras. 

3.1. Background. The quantum affine algebra Uq{Q) and the related Yangian 
Y{g) were introduced by Drinfeld and Jimbo as tools for studying solutions to the 
quantum Yang-Baxter equation. Finite dimensional representations of either Hopf 
algebra give rise to solutions (called i?-matrices) , which can, in turn, be used to 
construct the transfer matrices of integrable dynamical systems. The Bethe Ansatz 
is a technique for calculating eigenvalues of such transfer matrices, as the solutions 
to a set of algebraic equations. 

The algebras above have subalgebras Uq{2) ^ Uq{2) and g > Y{q), and the 
eigenspaces of the transfer matrix decompose a finite-dimensional representation of 
the larger algebra into subspaces stabilized by the smaller one. If each eigenspace 
were a single irreducible representation, then the eigenvalues of the transfer matrix 
would completely describe the decomposition of a representation of Uq{g) or F(g) 
upon restriction to Uq{g) or g, respectively. If, in addition, the Bethe Ansatz finds 
all eigenvalues, then solving the Bethe equations would yield the complete desired 
decomposition. 

This was the approach employed by Kirillov and Reshetikhin Q. They ad- 
dressed the problem of decomposing an irreducible Y{q) module according to the 
action of the embedded copy of g by conjecturing that the Bethe Ansatz detected 
all the pieces in the decomposition. The result was a so-called "fermionic formula" 
for the number of times each g module would appear in the decomposition. Their 
attention was restricted to a particular class of finite-dimensional representations 
in which the Bethe eigenvectors are especially well-behaved. 

The results in this paper are all from the point of view of the embedding 
Uq{g) ^ Uq{g). It has long been a folk theorem that the decompositions in this 
case were identical to those in the g ^ ^(s) case. A proof was recently given for 



simply-laced g by Varagnolo |14| . Further, we know by results of Lusztig [12| that 
the representation theory of Uq(0) over C(q) is the 'same' as the representation 
theory of U(0). Hence we we are justified in talking about the Kirillov-Reshetikhin 
conjecture on Yangians as if it applies to the representations we studied in Section |[ 

Conjecture of Kirillov and Reshetikhin. For each m e Z+ and i — 
1, . . . , n, there exists an irreducible representation Vqirnuje) of Uq(0) whose highest 



SYMMETRIC FUNCTIONS & REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 15 



weight when viewed as a representation of Ug (g) is muji. Further, the decomposition 
of the tensor product of N such representations as Ug(0)-modules is given by 

TV 

a=l X 

where the sum runs over aU weights A less than ^ niaLOi^ , the highest weight of 
the tensor product. The nonnegative integer n\ is the muhiphcity with which the 
irreducible g-module V{\) occurs. Write A = ^ rnaUJi^ — J2 ^i^^i- Then 



(k) 

Vn 



E n n 

partitions ">i '==1 

The sum is taken over all ways of choosing partitions u^^\ . . . , v^"^^ such that j^^*^ is 
a partition of rii which has parts of size n (so Ui = J2n>i ^'^n '')• The function 
P is defined by 

N 

a=l h>l 
r 

+ E E min(-Cfcjn, -Cj^kh)v\^^ 

j^k h>l 

where C — (cij) is the Cartan matrix of g, and (^) ~ whenever a < b. 

The formula describing the n\ is called the fermionic formula. The connection 
with representation theory was made by Kirillov and Reshetikhin, who proved the 
conjecture in the case of sZ„. 

The fermionic formula is somewhat difficult to work with directly. However, 
when 2 is classical and we ignore the tensor product (taking = 1), there is a simple 
combinatorial description of what the fermionic formula predicts for Vq{muJi)] for a 
derivation of the combinatorics from the fermionic formula see [ ^!o| . In particular, 
as long as the weight uji lies in the type A part of the Dynkin diagram {i < n and 
£ < n — 1 for so(2n)), the Kirillov-Reshetikhin decompositions are a special case 
of the ones we defined in Section |l|: the Ug(0) module structure of Vq{mLOi) is the 
same as the g-module structure of Woimuji) when g is orthogonal, and is the same 
as Wspimuji) when g is symplectic. Thus it becomes natural to make the following 
conjecture. 

Conjecture 2. There exists an irreducible representation V^^{X) of the quan- 
tum afhnc algebra whose Ug(g)-module decomposition is Wg{X)- 

3.2. Minimal afiinizations. It is known [Q| that the finite-dimensional ir- 
reducible representations of quantum afhne algebras Ug(g) are indexed by the n- 
tuples (tti, . . . , 7r„) of polynomials with constant term 1. In we showed that the 
module Vg(mcj^) conjectured by Kirillov and Reshetikhin is given by the n-tuple 

7T, = 1, TO, ^™ = (1 - q-'+\l){l - q-'+^u) • • • (1 - q'-^u). 

These modules are the so called minimal affinization of niuJi, see However, 
minimal afhnizations V^^{X) are known to exist more generally for any dominant 
integral weight A and as long as A is not supported on the spin nodes, as in 
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the previous section, they are unique (up to Uq(g)-niodule isomorphism). In fact, 
these modules are determined by the requirement that 

= for all ?7 7^ not supported on the spin nodes, 

a condition satisfied by the modules in Sections [| and ^ of this paper. 

It can be shown as in that on specializing this representation, by putting 
q = 1, we get a quotient of the module W^^{X). Thus, to prove our Conjec- 
ture ^ generalizing the Kirillov-Reshetikhin decompositions, it suffices to prove 
Conjecture |l| along with the statement that the specialized module is isomorphic 
to W^iX). 

In the rest of this section, we restrict ourselves to the case of so(2n) and ex- 
plicitly calculate Vl^(A) = Wo{X) for several families of A. We also show that the 
modules W^^{\) are isomorphic to a submodule of W{\) in these cases. To prove 
that it is isomorphic to T^(A) requires arguments in the quantum algebra, similar 
to the ones in and we do not give details of that here. 

3.3. Compu tati on of examples. Our computations use the technique de- 
scribed in Section |l.4 Wc begin with the simplest case. 

Example 3.1 (Rectangles). When A is a multiple of a fundamental weight 
muji, its Young diagram is a rectangle with I rows and m columns. The reader 
can readily verify that for each v G Ig, there is a unique semi-standard tableau for 
\/v whose reverse row word is a ballot sequence: 




The Young diagram of its content /i is that of \/v rotated 180°. Thus W{muji) is 
the sum of V{id) over all dominant weights /i which can be obtained from A = moje 
by repeatedly subtracting some fundamental weight Ui and adding uJi-2 instead: 
each replacement of Ui by uji^2 corresponds to a vertical domino in h' removing two 
boxes from a column of height i. 

The proof that W^iX) ^ Wo (A) was given in ||3|. 

Example 3.2. Now take A — auji + buj2 + cws; for D5 this is the generic weight 
not supported on the spin nodes. This example is simple because the only v £ 
that fit inside A consist of two rows of equal length. The typical tableau this time 
is of the following form: 




Here has two rows of length r + s + t, which is depicted here as being less 
than c, but can also lie between c and b + c. In either case, by definition 

s + t<c. 
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Two additional restrictions on the parameters are imposed by the requirement that 
the reverse row word be a ballot sequence: 

s < a 
r <b 

Requiring r < b ensures that the numer of 2s never exceeds the number of 3s; this 
is still the correct bound no matter how r + s + t compares with c. 

Converting the content of the tableau into a weight /i, we find that 

fj. — {a - s + t)LJi + {b — r + s)lj2 + (c - s - t)uJ3. 

Thus the decomposition for A = acui + bLU2 + cuj^ is 

W{X) = ^ V{X - r{uJ2) ~ s{uj:i - u!2 + i^i) — t{uJ3 ~ uji)) 

s<a, r<6, 
s+t<c 

We have rewritten /i to highlight the fact that each of r, s and t count the number 
of times some weight is subtracted from A. 

We now turn to the i(0)-modules M^^*(A) for D^. In this case we take J = 
{ai, Q!2, as, a^}. The roots f3k^i of Section 2 can also be written as 

/3l,2=W2, ^1,3=^^1-^2+^3, /32,3=^3-Wi. 



Thus, Proposition 2.6 gives us that 

VF-ff(A)=0mA,^F(M), 

where 

/i e {A - riUJ2 - '"2(^3 - (^2 - rsiujs - Wi) : ri,r2,r3 > 0}. 

This immediately gives 

m\,f, ^ =^ c>r2+ rs. 

It remains to prove that ri < b and r2 < a if fTiA.p 7^ 0. To do this it is 
obviously enough to establish the following lemma. 

Lemma 3.3. Let r e Z^. Then, 

x^.WA G ^ U{g).x^.wx 

s<(b,a,r3) 

Proof. Set N = Yl,s<{b.r2.r3) 'V{s)-x7-wx- Observe that, 

(■^02) '"^r ~ -^r '^Q2 '^I•l + l,r2-l,r-3+l• 
If J'l + 1 < & this implies that XrX~^ .w\ £ N. Repeating this, we see that Xr{x~^y £ 
if ri + / < b. Taking I — b, ri — 0, we get xo,r2,r3{Xa2)^ ■'U'x G ^- Since 
(^02)''^^ ■'^>^ = 0' can apply to X(^o^r^2,r3){Xa2)'' -^^ to find that 

X(l,r2^1.r3)-W\ e N 

for all r2. But X(i_r2,r3)(a;aja - 1-Wa e N, hence we get a;(2,r2-i,r3)-(a;Qj''""^-t«A e 
A^. Continuing, we get X(^ri,r2,r3)-'W\ € N. 

A similar argument shows how to reduce to r2 < a. We omit the details. □ 
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Example 3.4. All the decompositions W{X) calculated so far have been multi- 
plicity free. This is not the case in general; for completeness we include the minimal 
counterexample, A = 0^2 + W4. This time there are five 1/ G Ig that fit in A, giving 
rise to seven semi-standard Young tableaux with ballot sequences for reverse row 
words: 



1 


1 


2 


2 


3 




4 







1 




2 


1 




2 







1 




2 


1 




3 







1 




2 


3 




4 







1 




2 







Two tableaux have content /j, — lu2, and therefore V{lu2) occurs with multiplicity 
two in W{uj2 + ti^4). We leave it to the enterprising reader to check that in general. 



W{aLU2 + buji) 



J2 '"^ 



where the sum is over all n — ciWi -I- C2W2 + + C4UJ4 such that /i C auj2 + bwi 
and Ci ~ C3 < a, and with multiplicities given by 

= 1 + min(c2; a — C3, 6 — C3 — C4, a + b — ci — C2 — C3 — a). 



The same techniques used in in the previous example can be used here. One 



first identifies the minimal subset of roots Pk,i such that x'^^ ^ (g) (t — l).w\ ^ 0. A 
simple counting argument then give s us the maximal possible value for m\^^. Then 
one can prove analogues of Lemma |3.3| in exactly the same way, to give an upper 
bound on mx.fj,. When a — b = I this upper bound is precisely the multiplicity 
given above. In particular, when /i = 0^2, the bound m\^^ < 2 arises because the 
difference A — ^ can be written either as /3i,2 + /33,4 or as /3i_3 -|- /?2,4- 



[1 
[2: 
[3; 

[4 

[s: 
[6: 

[7: 
[s; 

[9 

[10: 

[11 
[12: 
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